Abstract. If the lower Schwarz derívate of a continuous function is nonnegative, then it is convex. The main result in this paper is that if the lower Schwarz derívate of a measurable function / is nonnegative, then there is a dense open set with / convex on each component.
CONVEX FUNCTIONS AND SCHWARZ DERIVATIVES
LD2f(x) = liminf A2f(x, h).
A-0+
LZ>2 is called the lower Schwarz derívate.
It is well known and easy to prove that if / is continuous on an open interval / and if the lower Schwarz derívate (even the upper Schwarz derívate) is nonnegative, then / is convex on /. For this and some other simple properties of convex functions the reader is referred to [3] .
A natural question to ask is whether LÜ2f(x) > 0 still implies convexity on / when continuity is replaced by weaker conditions. The first major result in this direction is the following result of C. Weil's proof of Theorem 2 is lengthy and very complicated. Buczolich's proof of Theorem 3 shows how to modify Weil's proof for measurable functions and it is based on the following property of measurable functions with positive Schwarz dérivâtes. We give a proof of this lemma that differs from the proof in [1] . For the proof of Lemma 4, Lemma 5, Theorem 6, and Corollary 7 below, we define for each x £ I (1) ô(x) = sup{y > 0: f(x + h) + f(x -h)-2f(x) > 0 for all 0 < h < y}. Proof. Let A = {x £ K: f(x) < B} . If A is a residual set in K, then for any x G K we can pick 0 < h < ô(x) such that both x-h and x + h are in A, which implies that f(x) < B , and we are done. Since An is dense in [a, b] , there is a y £ A" n (a, b) such that \y-x\ < S(x) and 2x -y £ (a, b). Therefore,by (1) and (3) g(x) < l/2(g(y)+g(2x-y)) < l/2(c-e+c) = c-e/2, a contradiction.
Since {yk} c [a, b], we may assume it is convergent. Let y G [a, b] be the limit point of the sequence. If g(y) = c > 0, then y £ (a, b), and if z g (a, b) is such that \z -y\ < S(y) and 2y -z g (a, b), then (1) and (3) imply that either g(z) or g(2z-y) has to be strictly bigger than g (y ), which violates the choice of c. Therefore g(y) < c. Now pick k so that c -g(yk) < g(yk) -g (y) and that 2yk -y £ (a, b). Then, again by (3), and the fact that ô(yk) > l/n, 
